Abstract. We prove that there is a compact separable continuum that (consistently) is not a remainder of the real line.
Introduction
Much is known about the continuous images of N * , theČech-Stone remainder of the discrete space N. It is nigh on trivial to prove that every separable compact Hausdorff space is a continuous image of N * (we abbreviate this as 'N * -image'), it is a major result of Parovičenko that every compact Hausdorff space of weight ℵ 1 is an N * -image and Przymusiński used the latter result to prove that all perfectly normal compact spaces are N * -images. Under the assumption of the Continuum Hypothesis Parovičenko's result encompasses all three results: a compact Hausdorff space is an N * -image if and only if it has weight c or less. In [55, 5] the authors formulated and proved a version of Parovičenko's theorem in the class of continua: every continuum of weight ℵ 1 is a continuous image of H * (an 'H * -image'), theČech-Stone remainder of the subspace H = [0, ∞) of the real line. This result built on and extended the corresponding result for metric continua from [11, 1] . Thus the Continuum Hypothesis (CH) allows one to characterize the H * -images as the continua of weight c or less. The paper [55, 5] contains further results on H * -images that parallel older results about N * -images: Martin's Axiom (MA) implies all continua of weight less than c are H * -images, in the Cohen model the long segment of length ω 2 is not an H * -image, and it is consistent with MA that not every continuum of weight c is an H * -image. The natural question whether the 'trivial' result on separable compact spaces has its parallel version for continua proved harder to answer than expected. We show that in this case the parallelism actually breaks down. There is a well-defined separable continuum K that is not an H * -image if the Open Colouring Axiom (OCA) is assumed. This also answers a more general question raised by G. D. Faulkner ([55; 5, Question 7.3]): if a continuum is an N * -image must it be an H * -image? Indeed, K is separable and hence an N * -image. Our result also shows that the proof in [55, 5] cannot be extended beyond ℵ 1 , as OCA is compossible with Martin's Axiom (MA). The adage that MA makes all cardinals below c behave as if they are countable would suggest that the aforementioned proof, an inverse-limit construction, could be made c long, at least if MA holds. We see that this is not possible, even if the continuum is separable.
The paper is organized as follows. Section 1 contains a few preliminaries, including the consequences of OCA that we shall use. In Section 2 we construct the continuum K and show how OCA implies that it is not an H * -image. Finally, in Section 4 we give a few more details on the lack of efficacy of MA in this and we touch on the question whether perfectly normal continua are H * -images.
Preliminaries
Closed and open sets in βX. Since we will be working with subsets of the plane we can economize a bit on notation and write βF for the closure-in-βX of a closed subset of the space X itself; we also write 
We shall be working with closed sets that can be written as the union of a discrete sequence F n : n ∈ ω of compact sets. The extension of the natural map π from F = n F n → ω, that sends the points of F n to n, partitions βF into sets indexed by βω: for u ∈ βω we write F u = βπ ← (u). If the F n are all connected then so is every F u and indeed the F u are the components of βF , see [66; 6, Corollary 2.2].
For use below we note the following. Lemma 1.2. If each F n is an irreducible continuum, between the points a n and b n say, then so is each F u , between the points a u and b u . 2 , then either X has an uncountable K 0 -homogeneous subset Y or X is the union of countably many K 1 -homogeneous subsets.
One can deduce the conjunction OCA and MA from the Proper Forcing Axiom or prove it consistent in an ω 2 -length countable support proper iterated forcing construction, using ⋄ on ω 2 to predict all possible subsets of the Hilbert cube and all possible open colourings of these as well as all possible ccc posets of cardinality ℵ 1 .
We shall make use of OCA only but we noted the compossibility with MA in order to substantiate the claim that the latter principle does not imply that all separable continua are H * -images.
Triviality of maps. We shall use two consequences of OCA. The first says that continuous surjections from ω * onto βω are 'trivial' on large pieces of ω * . If ϕ : ω * → βω is a continuous surjection then it induces, by Stone duality, an embedding of Φ : Thus, on the set D * the map ϕ is determined by the map ψ : D →M ; this is the sense in which ϕ ↾ D * might be called trivial. It is also important to note that
; this will be important in our proof.
Non-images of N * . The final nail in the coffin of an assumed map from H * onto the continuum K will be the following result from [33, 3] , where D = ω × (ω + 1).
Proposition 1.4 (OCA). TheČech-Stone remainder D
* is not a continuous image of ω * .
The non-image
The example. We start by replicating the sin 1 x -curve along the x-axis in the plane: for n ∈ ω we set K n = cl n + t, sin π t : 0 < t ≤ 1 . The union K = n K n is connected and itsČech-Stone compactification βK is separable continuum. We shall show that OCA implies that βK is not a continuous image of H * . We define four closed sets that play an important part in the proof. For n ∈ ω we define:
We also note that the four sets S n , S 
. We write 2ω and 2ω + 1 for the sets of even and odd natural numbers respectively.
The map h induces maps from (2ω) * and (2ω + 1) * onto βω, as follows. If u ∈ (2ω) * then h[I u ] is a connected set that is disjoint from βT , hence it must be contained in a component of βS
Thus we get maps ϕ 0 : (2ω) * → βω and
Lemma 2.1. The maps ϕ 0 and ϕ 1 are continuous.
Proof. For k ∈ ω put r k = k + Using these relationships we can deduce some extra properties of ϕ 0 and ϕ 1 .
Lemma 2.2. If u ∈ (2ω) * then ϕ 0 (u − 2) and ϕ 0 (u + 2) both are in {x− 1, x, x+ 1}, where x = ϕ 0 (x).
3. An application of OCA Proof. Let m ∈ M and take m ′ ∈ M \ {m}. Let n ∈ D be arbitrary such that ψ 0 (n) = m and n ≥ j m ; choose n ′ > n such that ψ 0 (n ′ ) = m ′ . There must be a first index i such that ψ 0 (n + 2i) = ψ 0 (n + 2i + 2) as otherwise we could show inductively that n + 2i ∈ D and ψ 0 (n + 2i) = m for all i, which would imply that ψ 0 (n ′ ) = m. For this minimal i we have ψ 0 (n+2i) = m and ψ 0 (n+2i+2) = m.
Let m 0 = min M and choose l 0 ≥ j m0 such that ψ 0 (l 0 ) = m 0 and ψ 0 (l 0 +2) = m 0 . Proceed recursively: choose m i+1 ∈ M larger than m i + 3 and ψ 0 (l i + 2) + 3, and then pick l i+1 larger than l i and j mi+1 such that ψ 0 (l i+1 ) = m i+1 and ψ 0 (l i+1 +2) = m i+1 .
Consider the set L = {l i : i ∈ ω} and thin out M so that it will be equal to {m i : i ∈ ω}. Let u ∈ L * and let x = ϕ 0 (u) = ψ 0 (u); we assume, without loss of generality, that {l ∈ L : ψ 0 (l + 2) = ψ 0 (l) + 1} belongs to u. It follows that ϕ 0 (u + 2) = x + 1 and this means that ϕ 1 (u + 1) = x.
We find that h[
], because the other two parts of this continuum are disjoint from βT .
Let
Observe that the inclusion map from F to G induces the identity map between their respective component spaces and hence also the identity map between the component spaces of βF and βG. We work with the closed subsets F * and G * of K * ; the former is contained in the interior of the latter, hence the same holds for h
Choose, for every l ∈ L a finite family I l of subintervals of I l such that for the closed set H = l∈L I l we have
Endow I = l∈L I l with the discrete topology and let u ∈ I * ; the corresponding component of H * is mapped by h L into a component of G * . Thus we obtain a map from I * into the component space of G * . This map is onto: let C G be a component of G * and let C F be the unique component of F * contained in C G . Because of ( †) there is a family of components of H * that covers C F ; all these components are mapped into C G .
We obtain a map from I * onto the component space of G * . This map is continuous; this can be shown as for the maps ϕ 0 and ϕ 1 using midpoints of the intervals and the quotient map from G * onto its component space. The component space of G itself is D, so that G * has D * as its component space. Thus the assumption that H * maps onto βK leads, assuming OCA, to a continuous surjection from ω * onto D * , which, by Proposition 1.4 is impossible.
Further remarks
4.1. MA is not strong enough. As mentioned in the introduction the principal result of [55, 5] states that every continuum of weight ℵ 1 is an H * -image. In that paper the authors also prove that under MA every continuum of weight less than c is an H * -image; the starting point of that proof was the result of Van Douwen and Przymusiński [22, 2] that, under MA, every compact Hausdorff space of weight less than c is an N * -image. Given such a continuum X, of weight κ < c, one assumes it is embedded in the Tychonoff cube I κ and takes a continuous map f :
What the proof then establishes, using MA, is that f has an extension F :
Thus, in a very real sense, one can simply connect the dots of N to produce a map from H * onto X that extends the given map from N * onto X. Since MA and OCA are compossible our example shows that MA does not imply that all separable continua are H * -images and, a fortiori, that the two proofs from [55, 5] cannot be amalgamated to show that the answer to Faulkner's question is positive under MA, not even for separable spaces.
4.2.
A family of perfectly normal continua. In [77, 7] it was proved that every perfectly normal compact space is an N * -image. This suggests the question whether perfectly normal continua are H * -images. We do not know the answer yet but we can exhibit a large family of perfectly normal continua that are H * -images. Though, admittedly, this does not answer the question above we believe that the examples are of some interest because their path-components are nowhere dense so that there does not seem to be a straightforward way of obtaining the desired surjection via a map from H to the continuum.
Let A denote the familiar double-arrow space of Alexandroff and Urysohn: A = [0, 1) × {0} ∪ (0, 1] × {1} with the order-topology induced by the lexicographic order. Let A be a dense and co-dense subset of the interval (0, 1) and define a quotient of the product A × [0, 1], as follows. If a ∈ A then the points a, 0 , 0 and a, 1 , 0 are identified, and if a / ∈ A then we identify a, 0 , 1 and a, 1 , 1 . Geometrically the vertical lines a, 0 × [0, 1] and a, 1 × [0, 1] are joined, at the bottom to form a V if a ∈ A and at the top to form a Λ if a / ∈ A. We denote the resulting identification map by q A .
The resulting space, K A , is a perfectly normal continuum whose path components are the V's and Λ's. The continuum is even separable, so there is a map from βN onto K A but this map has no extension to βH because any map from βH to K A will have the image of H inside a path component and hence the image of βH will be inside a V or a Λ.
There is a natural map q from K a onto the unit square: q : x, i , y → x, y . To construct a map g from H * onto K A we first define a map f : H → [0, 1] 2 and obtain q as a lifting of f through q. We let f be the diagonal f 1 △ f 2 of two maps
The first moves back and forth along the x-axis:
The second moves up and down: for every m ∈ N
Observe that q is one-to-one over the two sets {0} × [0, 1] and {1} × [0, 1], so that g(z) is uniquely determined whenever f 1 (z) ∈ {0, 1}. What is left to do is determine g(z) if z ∈ H * and f 1 (z) is between 0 and 1. We fix r ∈ (0, 1) and define g(z) for all z with f 1 (z) = r. We show how to handle the points in cl n [2 2n , 2 2n+1 ]; the points in the other half of H * can be dealt with by a symmetric argument.
We define a sequence k n n of natural numbers by the inequalities (k n − 1)2 −2n < r < (k n + 1)2 −2n .
Note that 0 < k n < 2 2n eventually. Now let z be such that f 1 (z) = r, we define g(z) by cases
• r ∈ A and z ∈ cl n [2 2n , 2 2n + k n ]: put g(z) = q A r, 0 , f 2 (z) .
• r ∈ A and z ∈ cl n [2 2n + k n , 2 2n+1 ]: put g(z) = q A r, 1 , f 2 (z) .
• r / ∈ A and z ∈ cl n [2 2n , 2 2n + k n + [2 2n , 2 2n + k n ] in case a ∈ A; similar equalities hold in the other three cases. This shows that the preimages of subbasic closed sets are closed and hence that g is continuous.
